Permutation polynomials over finite fields have important applications in many areas of science and engineering such as coding theory, cryptography, combinatorial design, etc. In this paper, we construct several new classes of permutation polynomials, and the necessities of some permutation polynomials are studied.
I. INTRODUCTION
Let F q denote the finite field with q elements, and F * q the multiplicative group for a prime power q. If a polynomial f (x) over F q induces a bijection map from F q to itself, it is called a permutation polynomial (PP). If both f (x) and f (x) + x are permutation polynomials over F q , f (x) is called a complete permutation polynomial. PPs and CPPs have attracted researchers' much attention for their wide applications in cryptography, coding theory, and combinational design [6] .
Permutation polynomials attract peoples' interest for their extraordinary properties and algebraic forms. Orthomorphisms map each maximal subgroup of the additive group of F q half into itself and half into its complement, they have a single fixed point, and are the same as CPPs in even characteristic. Nonlinear orthomorphisms (or CPPs) are of cryptographic interest, and Mittenthal used them for the design of nonlinear dynamic substitution device [19, 20] . Mann introduced CPPs in the construction of orthogonal Latin squares [14] . PPs have been applied in the LayMassey scheme, the block cipher SMS4, the stream cipher Loiss [3, 5, 22, 24] , the design of Hash functions, quasigroups, and also in the constructions of some cryptographically strong functions [15-18, 21, 23] .
A monomial x n permutes F q if gcd(n, q − 1) = 1, they are the simplest kind of permutation polynomials.
For binomials and trinomials, the permutation properties are not so easy to determine. Carlitz studied permutation binomials in 1962 [1] . In [2] , Carlitz and Wells found that for q large enough than d, the polynomial f (x) =
x(x q−1 d + a) might be a permutation polynomial over F q . Hou and Lappano studied permutation binomials of the This work is supported in part by "Funding for scientific research start-up" of Nanjing Tech University.
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form ax + x 3q−2 , ax + x 5q−4 [7, 8] . However, only a limited number of constructions are known for PPs. More recent constructions of PPs can be found in [4, 7, 8, 10, 11, 13, [25] [26] [27] [28] [30] [31] [32] .
In this paper, we construct some new classes of permuation polynomials, to some extent they are modifications of some of the PPs proposed in [29] . And we continue the work of [29] to investigate the necessities of two classes of permutation polynomials presented therein, where the sufficient conditions are given. To deal with these classes of permutation polynomials, we mainly use the unit circle of the finite fields, and the algebraic structures of the polynomials. Before coming to our work in Sections II and III, let us first present the following lemmas which might be useful for our study.
and only if the following two conditions hold:
For each element x in the finite field F 2 2m , definex = x 2 m . The unit circle of F 2 2m is the set
The following lemma can be verified without much difficulty.
Lemma 2:
Each nonzero element x in the finite fields F 2 2m has a unique expression of the following form
with u ∈ F * 2 m and λ ∈ U. Lemma 3: [12] Let q = 2 k , where k is a positive integer. The quadratic equation x 2 + ux + v, where u, v ∈ F q and u = 0, has roots in F q if and only if Tr q (v/u 2 ) = 0.
II. CONSTRUCTIONS OF SEVERAL CLASSES OF PERMUTATION POLYNOMIALS OVER FINITE FIELDS
In this section, we construct four classes of permutation polynomials over finite fields. To some extent the first three are modifications of permutation polynomials constructed in [29] , and the fourth class of permutation polynomials comes from a kind of PPs in [9] .
A. PPs of type (bx + δ)
In [29, Proposition 1], X. Xu et al. proposed a class of permutation polynomials of the form (x
over F 2 km , with b ∈ F * 2 m and δ can be any value. In the following proposition, we consider PPs over F 2 km by moving the 2 m th power term out of the bracket, and adding one more constant c.
Proposition 1:
For positive integers m, n, k with n = km, 2 ∤ k. For any δ ∈ F 2 n , the polynomial
We prove that g(x) = d has at most one solution for any d ∈ F 2 n , which is equivalent to
(1) has a unique solution.
It can be verified that gcd ( 
which is equivalent to
That is
So,
by the assumption. Now, gcd(2 m + 1, 2 n − 1) = 1 means that y 2 m +1 is a permutation of F 2 n . Therefore there is a unique y satisfying equation (2).
Magma, it can be verified that
B. PPs of type (x
In [ 
Proof: Since gcd(2 m + 2, 2 m + 1) = 1, and gcd(2
To prove that g(x) is a permutation polynomial, it is enough to prove that for any d ∈ F 2 2m , g(x) = d has a unique solution. That is
is satisfied by at most one x. By (3), taking the (2 m + 2)th power on both sides of the above equation gives the equivalent equation
First, if there exists a solution x such that
, for the right side of equation (4) is also zero. In this case, the above equation becomes d
.
Second, let us assume that x 2 m + x + δ = 0. Since taking the (2 m + 1)th power, the left side of equation (4) is 1, the right side is in the unit circle U, that is
for some λ 0 ∈ U. But since gcd(2 m + 2, 2 m + 1) = 1,
And equation (4) can be rewritten as (4), the left side becomes
It is not equal to the right side which now becomes 1. If d doesn't satisfy equation (5), and if x is a solution of equation (4), then x 2 m + x + δ = 0. The second situation tells us that the only solution is x = d+1 b . Example 2: Set m = 3, s = 6. Let δ ∈ F 2 3 be any element, and b ∈ F 2 3 \F 2 . Using Magma, it can be verified that g(x) = (x 8 + x + δ) 57 + bx is a permutation polynomial over F 2 6 .
C. PPs of type x
In Proposition 3: For the finite field F 2 2m , let b ′ ∈ U be in the unit circle, and b / ∈ F 2 m satisfying b
Then the linearized polynomial
is a permutation polynomial of F 2 2m .
Proof: By the assumption, it can be checked that
Otherwise from b
Since g(x) is a linearzed polynomial, to verify that it is a permutation polynomial, it is necessary to check that
has only the zero solution. There are two situations to be considered.
First assume that x ∈ F * 2 m is a solution of (8), then
If b ′ = 1, the above equation becomes b = 0, contradicton. So, let us assume that b ′ = 1, then
which implies that
contradiction with equation (7).
Second let us assume that x ∈ F 2 2m \F 2 m , by Lemma 2, we can write
with u ∈ F * 2 m and λ ∈ U. Substituting the above x into equation (8),
If
Then from equation (9),
which can be rewritten as
Let λ 0 = λ 2 , equation (11) can be transformed into
Take derivative of the above equation
That is λ 0 = b
is a double root of (12), which has three roots at most counting multiplicity. But,
contradiction with equation (10) .
The third root of (12) is
And equation (9) becomes
by assumption, contradiction. Proposition 4: Let F q be the finite field with q elements, then
is a permutation polynomial over F q e for r = 1, q e−1 +q e−2 +· · ·+q 2 +1. Here a ∈ F * q e satisfying a q e−1 +q e−2 +···+q+1 = (−1) e , and gcd(e-1,q-1)=1.
Proof: First, we consider the case r = 1. Then
which is a linearized polynomial. Since a ∈ F * q e , and a 
permutes µ d , the dth roots of unity in F q e . Then equation (13) becomes
on µ d . Since gcd(−q, q − 1) = 1, using Lemma 1 again, equation (14) permutes µ d if and only if
is a permutation polynomial of F q e . Now, equation (15) can be rewritten as
which is a permutation polynomial of F q e , since it is linearized if writing y = x −1 , and a q e−1 +q e−2 +···+q+1 = (−1) e .
Example 4:
Let q = 5, e = 4,, and ω be a primitive root of the finite field F 5 4 , then r = 1, q 3 + q 2 + 1 = 151.
Using Magma, it can be verified that for a = w i , with 1 ≤ i ≤ 623, i = 0 mod 4,
is a permutation polynomial over F 5 4 .
III. NECESSITIES OF TWO KINDS OF PERMUTATION POLYNOMIALS
In this section, we investigate the necessities of two classes of permutation polynomials studied in [29] , where the sufficient conditions are given.
A. PPs of type (x
In [ m−1 + bx over F 2 2m , and sufficient conditions are given. In the following proposition, we consider the same kind of PPs, but its necessary conditions.
Proposition 5:
For a positive integer m and a fixed δ ∈ F 2 2m with Tr
Proof: As pointed out at the beginning of this subsection, [29, Proposition 10] gives the sufficiency verification. Now let us consider the necessity.
Assume that g(x) is a permuatation polynomial. Then for every d ∈ F 2 2m , g(x) = d has a unique solution. That
has at most one possibile root in F 2 2m . Squaring both sides of the above equation, we get the following equivalent equation
which can be transformed into
Which implies that
has a unique solution in F 2 2m .
Then for x 1 = x 2 ∈ F 2 2m with x 1 a solution of equation (16), the following equation
can not hold. Adding the above two equations,
does not hold for any x 2 different from x 1 . Now let y = x 1 + x 2 . With x 1 fixed and x 2 varying, y can be any nonzero element of the finite field F 2 2m . So,
has only the solution zero in F 2 2m , this is from the assumption that g(x) is a permutation polynomial.
If a nonzero solution y ∈ F 2 2m of equation (18) exists. Taking the 2 m th power,
Adding equations (18) and (19),
that is by lies in the field F 2 m . By Lemma 2, we can write
for some fixed c 0 ∈ F 2 m \{0}, and λ 0 ∈ U the unit circle. If y is written in the following form y = cλ for c ∈ F 2 m and λ ∈ U. Since by ∈ F 2 m , we must have λ = λ 0 . That is
for some c ∈ F 2 m \{0}.
Substituting (20) and (21) for some λ 0 = 1 in U, because b / ∈ F 2 m . By equation (20),
That is,
for some λ ∈ U\{1}. So, we have
that is the necessity of our proposition.
is not a permutation polynomial over F 2 8 when b
B. PPs of type (x
In [29, Proposition 6], X. Xu et al. proposed a class of permutation polynomials of the form (x 2 + x + δ)
, and sufficient conditions are given. In the following proposition, we consider the same kind of PPs, but its necessary conditions.
Proposition 6: For nonnegative integers n, k with n = 2k, k > 1, let δ ∈ F 2 n with Tr
is a permutation of F 2 n if and only if b ∈ F 2 k \{0}.
Proof:
The sufficiency is given in [29, Proposition 6] . In the following we only consider the necessity.
Assume that b / ∈ F 2 k , and g(x) is a PP.
Since Tr n 1 (δ) = 1, x 2 + x + δ is always nonzero by Lemma 3. For any d ∈ F 2 n , the following equation
has only one solution, which can be transformed into
Taking the (2 k + 1)th power on both sides of the above equation
for some element λ in the unit circle U. Squaring both sides of equation (22) (
Substituting (23) into the above equation,
We can choose d such that
Since g(x) is a permutation polynomial, there must exists λ 1 in the unit circle U, satisfying equation (25) . Then
satisfies equation (24) , and in fact g(x) = d, since they are equivalent. Equation (25) can be transformed into
is in the unit circle, the other root of equation (25), which we denote λ 2 , is also in the unit circle U. And
Now, for equation (23), set
Then x 2 satisfies equation (24) also, that is g(x) = d has two solutions x 1 , x 2 for such d, contradiction.
Example 6: Set k = 4, then n = 8. Let δ ∈ F 2 n with Tr(δ) = 1. Using Magma, it can be verified that for b ∈ F 2 n \F 2 k , g(x) = (x 2 + x + δ) 120 + bx is not a permutation polynomial over F 2 8 .
IV. CONCLUSION
In this paper, we construct some classes of permutation polynomials over finite fields, which are modifications of known permutation polynomials recently studied. We also investigate the necessities of permutation properties of the polynomials studied in [29] , where the sufficient conditions are given.
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